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THE USE OF LYAPUNQOV’S SECOND METHOD TO ESTIMATE REGIONS OF
STABILITY AND ATTRACTION"

V.G VERETENNIKOV and V.V. ZAITSEV

A definition of the stability region is given by extending the properties
of Lyapunov's definition of sets of sizable measure. Constructive theorems
on estimates of regions of stability and attraction are obtained by using
certain developments of Lyapunov's second method for a wide class of auto-
nomous and non-autonomous systems that satisfy both the Lipschitz and
discontinuous conditions. The usual requirements imposed on the functions
used in investigations of the stability region are somewhat reduced. For
example, the requirement that the functions and their derivatives should
have fixed sign are omitted.

1. Consider the equations of perturbed motion of the form
=]z, t), v R (1.1) — (1.4

By system (l1.l) we mean an autonomous system, whose right side is f (z), whose vector function
f(x) 1is such that the solution of the Cauchy problem in the region considered exists, is
unique, and is continuous with respect to the initial conditions, excluding any arbitrarily
small neighbourhood of singular points. For system (1.2) f =f(z) e C (R") and by Peano's
theorem the integral curves can be continued to the boundary of any compact set, possibly in
a non-unique way. In system (1.3) the single-valued vector function f = f (x) is piecewise
continuous. Among systems (1.3) with discontinuous single-valued right sides only those are
considered for which each integral curve may be uniquely continued in the neighbourhood of any
surface of discontinuity, and the number of such surfaces is finite. The vector function
f=/f(x,t) in system (1.4) is such that the solutions retain the properties of the solutions
of system (l.1) mentioned above.

The basic concepts and notation correspond to those used in /1/. 1In addition we shall
introduce the upper right Dini derivative /2, 3/ denoted by D'V; the connected subset F of
the semiaxis [ty o0) such that # = [t,, T1\/ [t 00) (T = const) (wher. investigating the properties

of attraction F = lt,, 00)), FqV = {z | V (x) = d}; Hin = {zlz =y (t, Lo, Tg) A\ To = Hv‘«‘m =H, ={ziV (-

cp}}. o = const, and the integral curve y (¢, tg, o) Of the system considered under initial con-

ditions zy, t,. ' '
Let us assume that for the Lyapunov function V =C' the following conditions are satis-

fied:

*prikl .Matem.Mekhan.,48,5,714~724,1984
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(He) Vo = HY) 17 (r) TV (1.5)

(Ve= R"\. ) V() >0, V() =0 (1.6)

It is most convenient to evaluate the stability region as the set H,'. However, when

conditions (1.5) and (1.6) are satisfied and the Lyapunov theorem on stability holds, it follows
only that some stability region, not necessarily the same as H)Y, exists. )

For instance, a system of the form (l1.1) may exist, which on some surface Fo¥ has
singular points. It is possible to construct for such system a Lyapunov function V for which

the set F¢' is the level surface. The behaviour of this function is similar to that shown

n
in Fig.l, where :z= Z z;?. In that case (Vz=FY) V' (z)=0 and system (1.1} may be such that

t=m]

(V& RPN 0\ F.Y) V' (2) <0. For example, when »=2 for the system

=gz, y=—g @)y 2= 22+
with the function g = g(z) whose behaviour is defined by the curve in Fig.2 (a possible one is
the function g= —z%-2r), when the Lyapunov function is V=% (1 — %), vwhere o= In2/ry, rp=

arg; [V (z) = ¢], the region Hc.V (¢>¢) is not a stability region. This situation also arises
when the surface F.' is a limiting cycle of system (1.1).

z
rN

Fig.l Fig.2

N — e ——

- -

Even if the Lyapunov function V (s} satisfies the condition
(Fe>0 (Vz e HY\O) V' (2) <0
the set H.' may not only not be the region of attraction but also a region of stability /4/.
In this case the measure mes_, of the set, where the right side of the system f(s)eeC™, is

R
zero.
Similarly for a system of the form (1.3), when the condition

(Vz & HY\O) D*V (z) < 0 (.7

is matisfied, the set H,' is not necessarily a stability region. It was shown in /5, 6/ that
for systems of the form (l1.4) the set H,' when condition (1.7) is satisfied, is not necessar-
ily a region of attraction.

To estimate the regions of stability and attraction we introduce special Lyapunov func-
tions.

Definition 1. We shall call the function V () that, on the set G = K, satisfies
conditions (2.2), 1°=4° and 6°—8° of /1/ and, also, condition (1.6) stated above, a
Lyapunov-type function.

Definition 2. We shall call a function that is of the Lyapunov type on any subset G, & K
in the region of definition V (x), a strictly Lyapunov-type function.

We shall also consider Lyapunov-type functions (and strictly Lyapunov-type functions)
in a wider class of sets. If the Lyapunov-type function V(z) is defined on each of the sets
Gi(i=1,2..)6G; K such that limG, =G as {—- o0, then V(z) on G is defined as a function
obtained by continuous continuation on the sequence {Gi}. '

The function V(z), shown in Fig.3, is not of the strictly Lyapunov type, since it is not
a Lyapunov-type function on the set G,.

Condition (l1.6) is not obligatory for Lyapunov-type functions V (z). It is sufficient
to stipulate that the function V(1) should have its absolute minimum at the point 6.

For functions of the strictly Lyapunov type, condition (1.6) may be replaced by the
requirement that

6 = arg min V (x) = arg loc min V (z) = arg abs loc min V (z)
x=Dyr x=Dy xZDy

where Dy is the region of definition of the function V, and 6 is the point of the unique local
minimum that coincides with the global minimum.



5186

Note that according to the theory of convex functions /7/, properties (2.2) 4° and 8° in
/1/ for functions of the strictly Lyapunov type are satisfied, if the functions are strictly
convex or strictly quasiconvex.

It follows from Definition 1 that functions of the Lyapunov type may be defined by level
surfaces and an arbitrary strictly monotonic function R* — R* defined on an arbitrary curve
that intersects the level surfaces only at a single point.

The level surfaces of the Lyapunov-type functions are the boundaries of regions, and for
various values of V(r) satisfy the following properties (the [ properties): they do not
intersect, or touch each other, they contract to a point 6, are of measure (mes, ), equal to
zero, and fill the whole set.

Any Lyapunov function is a Lyapunov-type function in any,

v possibly small, neighbourhood of 8. However the latter is not at
all obligatory for the whole of the region of definition, although
it is possible to separate among the Lyapunov functions a class of
Lyapunov type functions, for example, positive definite quadratic
forms that are functions of the strictly Lyapunov type.

The Lyapunov functions that satisfy the Krasovskii-Barbashin

z theorem on stability as a whole, are also Lyapunov-type functions

Yoo e

[ (not necessarily strictly).
» [ In investigations of stability as a whole the property of an
infinitely large limit is not obligatory for Lyapunov-type functions.
Fig.3 The many Lyapunov functions used in the theory of stability

/3—6, 8—21/ are not functions of the Lyapunov type in the whole
region of definition. Thus Lyapunov functions that contain terms
of the form
£HE B a,;(cos mx)i(sin pz) (m, p, a, ; = const)

L7

where @(2) is not a Lyapunov type function, as well as Lyapunov functions with various combina-

tions of integrals of non-linearities are not necessarily functions of the Lyapunov type.
Lyapunov-type functions were used in /1/ to investigate the stability of compact sets.

If, however, the set is not bounded, the level surfaces of the Lyapunov-type functions accord-

ing to the construction algorithm, as defined by the lemma in /1/, are not closed. In that

sense Lyapunov-type functions may not be Lyapunov functions that have closed level surfaces.
Later, we shall consider only functions of the strictly Lyapunov type, which for simplicity

will be called functions of the Lyapunov type.

Lemma 1. Let Lyapunov -type function V (z)e (! exist. Then for the integral curves of
system {(1.1) the following statements hold:
from the condition

(Ve,cpie > >0 Ve HY N HV)Y TV ()< 0

it follows that
Voo =HY N H )= }im x (2, ty, xo) = HLY

£rom the condition
(Ve,epie>ep >0 (Ve HY it H V) V' (2) << 0
it follows that
(Vzg= HY N\ HYy= (AT ity “T < oc)(Vt == T) 2 (k to, o)  int He,
and from the condition

(Ve.ey:e>a >0 (Vem HYNHNV @)<Y
it follows that
(Vey: oy L oo e) (Vo= HY) = (VE ez F) z (8 to, 3o) € inty HY,

The procf of the lemma is obvious. »

The properties that follow from Lemma 1 are, as a rule, required to solve various applied
problems. ‘ '

Note that, when Lyapunov~type functions are used, problems of stability in-the~small are
investigated by a single procedure with finite regions of stability, as a whole and also on
sets /1/.

Let us now introduce the definition of the region of stability. It follows from the
Lyapunov definition of stability that for stable solutions the property

() (Ve <7 ea) (18 > 0) (Vo ity) &= int Sp) = (VIS F)a (t Loy To) <= Inly N



517

is satisfied.
To solve systems (1.1l) and (1.4) for any e>0 a O8px exists which has such a property

for a fixed e. We select a fairly small e <Cg, and consider the one-to-one correspondence
S“-»Somn, If in the respective region the system is stable, and if we continuously increase

¢, the corresponding Omex also increases continuously. The stability boundary is determined
by the breakdown of the one-to-one correspondence Se (1) — Sp,,, ().

When this correspondence is satisfied, there exist in the stability region according to
Nemytskii classification /19/, singular points of the type of centres, generalized centres, or
centrofocal points.

The violation of correspondence in the © neighbourhood of some surface, results in mutli-
connectedness of the set of w-limiting points for points from ¥. Such multiconnectedness
of the set of w-limiting points for points of the set G & K does not impy that G is not a
stability region.

Definition 3. We call the set of surfaces {Q} =@ that cover the set G= K, if set @
satisfies the properties II on G.

Definition 4. We call the set D, (t): (Vi< F)ID,(t)=D; A\ Dy (t), D, = K| the stability

region, and call the system stable on D,, if there exists a set of surfaces Q (t) covering
D, (t) such that the integral curves for Vie F do not emerge from D, (¢) and, also,
(Vi F)(VB& Q (8) (I = Q (1)) inty H C int, p
(Vo= int¢) = (Vi = t) 2 (1, ¢, Z) E ints B A\
{(VBa B & Q (1)) inty By C inty B A inta By p inty Ba} =
(s, Y = Q (1)) (Vbs = Q (2)) inty Pr C inty Py Cinty p2 A
inty 'll.’gaintl s (H-Zo = int 1’)3) (E{T>t) I(T) t, xo) & int, ﬁ1
Note that in the Definition 4 instead of &§; 83 a more general form of sets is used,
namely, the surfaces §,% that are time independent; the set Q depends on time, since the
region boundary may depend on time; the set D,is independent of time.
Note that when the system has a region of stability, the solution =z =0 is Lyapunov
stable.
Definition 5. We call Dythe attraction region, if it is a stability region and the
system has the property of attraction on D,.

Lemma 2. Systems (1.1)—(l1.4) are stable on the set D,, if and only if the correspondence
B« Ymax is satisfied on the whole set Dy,. Here P and ¥YPmax are the respective surfaces in
Definition 4.

Proof of necessity. 1f the system is stable on D, then (VBe= @Q)(@y) is such that (VB;:

int,f; Cint,f A By == P8) is the corresponding surface ¢, C int;%. The integral curves that begin in
inty, do not reach f. On the other hand,

(VB = @: intyfy D intyf A By B)(HYy)
is such that integral curves belonging in ¢, at some instant of time, and do not belong to the
set int, f, exist. Thus the correspondence § « ¥,,. occurs.

The proof of sufficiency is obvious.

2. Let us consider a number of theorems on the evaluation of regions of stability and
attraction.

Theorem 1. a) Let a Lyapunov-type function V (z) exist such that the condition (1.5)
(Vi) €', reguired to solve systems (1.1)=—(1.4), or the condition

(Ve HYYD* V (z) 0 2.1)
is satisfied. Then H! is the region of stability.

b) Let there be a Lyapunov-type function V (z) such that for solving systems (l1.1) and
(1.2) condition (1.7) is satisfied, or when V (z) & C! the condition

(Vz= HY \ 9 V' (z) <0 2.2)
is satisfied. Then HCV is the region of attraction.

If for systems (l1.3) condition (1.7) is satisfied, and in some neighbourhood % (§) of any
discontinuity surface, the inequality

(Vz =8 (8)) D'V () < —f << 0 (B = const)
holds, then HY is the region of attraction.

Proof. From condition (2.1) and the properties of Lyapunov-type functions it follows
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that the integral curves cannot intersect the level surfaces in the direction from inside to
outside. This shows that the set H! is a region of stability.

To prove the property of attraction we select an arbitrary point gz,= H! and consider
the function V (z (¢, t,, 7o)} = ® {t). By condition (1.7) @ (i) {t > t,) is a decreasing function.
By the theorem on the derivative of a monotonic function /3/ we have

t
o= (md - (2.3)
tv)
where the function © is defined almost everywhere and 1 {I) is a decreasing function.

For any sequence {t;}, where every i; is taken from the region of definition of @ such
that- lim;., {; = o, the condition

lim, .o D@ () =0 2.4

is satisfied.
Let us assume the opposite, i.e. that

_l_i_xpj_mDﬂD {t;} = —a <D (o == const)
Then the sequence {;j: limy - oo tj; = 0 exists for which D*® (t;;) < —a + e <0 (e = const) for

fairly large number j;. Then also the function ®'is such that @'(,) < —a -+ <0, and the
inequality D () L —% + &+ & < O (g; = const)

holds almost everywhere in some neighbourhood of the point ;. Since the behaviour of the
function on the set of zero measure does not affect the Lebesgue integral, the first term on
the right side of (2.3) decreases without limit as t increases. Hence a finite time T: T> ¢
and ® (T) < 0 exist. But this is impossible. Consequently, for any sequence ({i;} selected
outside some set of zero measure (the Lebesgue measure) the condition (2.4) holds.

Condition (2.4) means that z (I, t,, Z,) —~ 8 for solutions of systems (1.l) and (1.2) since
D'V {z) =0 only at the point z = 8.

The proof given above also holds for solutions of {1.3), since by the condition of the
theorem there are no o-limiting points on each of the surfaces of discontinuity.

Theorem 1 does not apply to systems of the form (1.2)~(1.4) for evaluating the stability
regions, if instead of functions of the Lyapunov type we take Lyapunov functions to which
pefinitions 1 and 2 do not apply.

Theorem 2. Let there be a function of the Lyapunov type V (z)e €' such that for solu-

tions of systems (1.1) and {1.2) conditions (1.5) are satisfied and for some function of the
Lyapunov-type W (z) & C! the condition W'(z)s: 0 (Vz= M) is satisfied on the set M = {r|

V' (x) = 0}. Then H! is the region of attraction.
Proof. Let there be an w-limiting set AY(H.Y) for points from H,Y. It can be shown

that by virtue of conditions (1.5) A" {H,) can only be a subset of ¥. The proof that the set
M does not contain o-limiting points can be obtained in the same way as the proof of the

property of attraction in Theorem 1.
Theorem 2 is an extension of the theorem of Krasovskii~Barbashin /5, 8/ on systems (1.2)
in the form used in /3/ for investigating the properties of weak attraction.

Theorem 3. Let Lyapunov-type functions V {(z)~= €' and V¥, (x) such that for solutions of
system (1.4) the condition

(Vee BY N\ 0) 02> =V, (@) > sup V' (@) (2.5)

is satisfied. Then H/\' is a region of attraction.
Proof. BAccording to Theorem 1 the system considered here is stable. Let us select an
arbitrary z, = H.Y. By virtue of the properties of solutions of system {1.4) we have V(z{t,

ty, 7o) = Ci (F).
Let us assume the contrary, i.e. that the integral curve =z (¢, toy Xo) does not reach some

level surface /Y (0<<e, LV (xg)«¢). Then
¢
V(x (b tor zo)) — V(o) =\ V" (Ts toy 2o) dt 2.8)
L

We put max V,;(z) =a{a > 0) and from (2.6) we obtain

x 20,

V(x (L, ty, £0)) T —a (t —to) + V (o)
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where the first term on the right side decreases without limit as t increases. Hence for an
arbitrary ¢ :c>: ¢, > 0 there is a finite time T at which all integral curves beginning in
HY become H.,'. From this follows the property of attraction.

Theorem 3 holds when condition (1.5), or (2.1} is satisfied, and condition (2.5) is
satisfied beginning at some T < oo (V2> T). This theorem also holds if in condition (2.5)
the upper right Dini's derivative is used.

Let us consider some corollaries of Theorem 3.

Corellary 1. Suppose Lyapunov-type functions V (z} and V, (z) exist, such that condition
{(2.1) is satisfied, and there is a measurable set F; consisting of a finite or denumerable
number of intervals for which

a) (AM:00 > M > 0) mespm Fy < M

b) 0> —V, (x) > sup D'V (z)
FN\F,

Then H,)Y is a region of attraction for (1.4).

Corollary 2. If Lyapunov-type functions V (z), V, (z), and V, (z) and sets F, and F, con-
sisting of denumerable intervals exist, such that:

ay F=FUPF,,

b} (Vi) (Ves,di: ey, d C Fy) (Hay, byilay, 51 T Fa N ey > di N\
by — a; > dy — ;) Hews > €)= (@10 > el A {less, didd N
fe, dil = @ = Mo, b N lawy, bl =B} A,

) N{(Vze=HY)0 > ~V, (2) = ax DV (2)} N\

=le;, b1,

a A{Vze HY N\ 8) max D'V (2) <V, (2)}

t=ledile
&) (Ve HN) Vi2) > V. (),
and also
(Ve HNYVite ) QL 0 LCw) fl )<l 2.7)

then the set H,V C H,Y for which (Vi F) H:;m C HY: ¢y (ty) =d is the region of attraction.

Corollaries 1 and 2 enable us to waive not only the requirement for the functions them-
selves to be of fixed sign, but also their derivatives.

Corollary 3. If the right sides of system (l.4) satisfy conditions (2.7) and there are
Lyapunov-type functions V (z), V, (z) & C* and a continuous function 1 (f) such that (Vi = F)
Vze HY) V () < v (t) V, (x) and, moreover, one of conditions:

a) (Vi Fyq{) <O0A lim..n)<<O,
b) (VieF)In) <Moo AN(VIEF N\ Fyimesp Fy < My < o))< 0,
e Vt=Fyin®) | <M<Coo Alimy(t) =1,<0,
Q) (FT: UITo Tinl=F i=42,..., AT1=tg A (V)T iy —
T <t <o) A(VEE FY | n(t)] < M < o0 A\ (> 0)g < 2M

() (Ve = H Y aV () > Vy (2)+
and

R Tin
(VEE [Ty Toal) (Vo = HY) [V (z)| < Latellmk o 5 N0 A <—g <OAL <k < o 2.8)

are satisfied, then for a) the set HY is the region of attraction; for b) the region of
attraction for system (1.4) is the set H,Y, where ¢ = clexp (aMM)), (Vz S HY)aV (x) > V; (z);

for the cases of ¢) and d) the maximum set H,V:(Vte F)Hiy C H.JY is also the region of attrac-
tion for system (1.4).

Proof. When condition a) is satisfied, the corollary follows from Theorems 1 and 2.
When condition b) is satisfied, using the theorem of congruence /22/, the function V (z (, to, Zo))
for solutions &z (I, Iy, z,) contained in the set H,Y cannot according to the norm increase in

a time interval equal to M; more rapidly than the solutions of egquations ¥y =aMy. Then
¥ =y (0) exp [aM (t — t,)] < y (0) exp (aMM,)

We conclude from this that the corollary also holds, when condition b) is satisfied.
The proof of the corollary when condition ¢) is satisfied follows from its validity when
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conditons a) and b) are satisfied.

To prove the validity of the corollary when condition d) is satisfied we shall prove that
the following statements hold:

1) for any i on the segment [T, Tl (JH,Y)

(Vt = [to, Tpa)) Hoy C HY

2) there is a finite T such that not a single integral curve in H,Y in the time interval
[ty, T] leaves H,Y even when (V¢ > T), and
3) the set H,V cannot contain any w-limiting points, other than z = 6.

Let us prove statement l). By the theorem of congurnece /22/ the function V {z (¢, ¢,, 7))
for z (¢, tg, T9) = HY and te [T, Tyl cannot increase more rapidly than the solution of the
optimization problem

suPnits V (¥ (T 140))

where y (T,,,) is the solution of the differential equation y = 1 () ay at the instant of time
Tiogy ¥ (Tia1) = ¥ (Tpars Tiy Yo)s Yo = V (2 (T, ty, 7o) for zoe= HY and the function 1 (f) satisfies
the constraint (2.8).

Hence a finite L exists such that for ?& [Ty, Tyl we have V (z (¢, ty, 4)) < V (zo) exp L
and, consequently, statement 1) holds.

By virtue of constraint (2.8) we have in any time interval [T;, Tal

Tiﬂ
V(@ (Tuns t 7o) — V (2(T s Ly 30)) = S Vi<

T;

{ vienwat+ { vi@nwat<viE @, oz nk +
Ai+ A-L-
Vo(@{T s tor 2)) i1k =V ((Tss tor 2o)) (" + ni7/R) <

[— 4M91 (M“'{" 'I{) + !"lf] Vilz (Tii to. 7o) 0
2Mt (Mt —gq) <

where
Ar={teTo Tl A0 >0, A=t ([Th Ti] N\

(<0 nt= S nd, n= S n(t)ydt

4t 4

The existence of some T such that the whole set H,' cannot emerge from H,” is evident
from the inequality obtained. Hence statement 2) holds.

The proof of statement 3) follows from the satisfaction of conditiocn (2.8). In fact,
(Vi) on the segment [T;, Tyul when T, >T the system does not only not emerge from qy,
but for some interval of time [¢;, £.1]) the inequality n () <0 for (Vi [4, tial) is satisfied.
Moreover that interval can be selected so that

Vi (Ti, to, 20)) <V (2 (815 2o, 29)) <V (7 (Tisrr 2oy Zo))
The further proof of statement 3) and its corollary is obvious.
3. Examples. 1°. Consider a free solid body subjected to the moment of external resist~
ance forces. On the assumptions made in /20/ we write the Euler eguations in the form

do,
I g+ Uiy — L) 0,40, = —x@]e e,
=1, 2,8 1+3=14

where I, are the moments of inertia of the body relative to the principal central axes of
inertia of the latter, and ; are the projections of angular velocity of the body on the same
axes.

For the unperturbed motion , = w,= w;=0.

Consider a Lyapunov-type function of the form

3 3
N 1 R . . p z)(ﬂ.-i-l)['l
i =3 Eb_ Iimi“‘ =~x(‘)( ), @

fam] 1wl

If for t>t, the condition
(FVt=FH) » ) =28>0 (3.1)

is satisfied, the system as a whole is uniformly stable. If the inequality (Yi=Ff) x>0,
and = () =0 on the set F; such that mesp B, <M < o, M = const, the system is as a whole stable.
When the inequality |x(8)|< M < « is satisfied and outside some set F, condition (3.1) is
satisfied and mesp Fo <M < oo, the system is also as a whole stable.
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2°. Let us investigate the stability of motion in the vertical plane of a dynamically
and geometrically symmetric body in a fluid. The equations of perturbed motion in the case
considered here can be represented in the form /20/

A+ k) V' =YV + P+ €7 + €0 3.2
(A4 k) o = Cy(@) + G0 +C8p + C,VV
U+ ky)ps © =my (@) + m® 0+ mPP, p =0
where V is the modulus of velocity, « is the angle of attack, P is the angle of slip, w is the
angular velocity, C:V, CP, C.% €% Cy (@), C,° P, €)Y, my(a), m,”, m,P are the hydrodynamic coefficients,

p; is the dimensionless moment of inertia about the : axis, and &, ks, ky are the coefficients
of the additional apparent masses.
The coefficients C,(a) and m,(z) can be approximated with fair accuracy by the formulas

mg (@) = m:* o + mad, Cy (@) = ) a + %a®

There are three singular points in the region selected for the change of hydrodynamic
coefficients for equations (3.2). They are: the unsteady origin of coordinates, and two
stable points symmetrical about the latter point.

Benceforth the variables V,z,0,f will be denoted by r;(i=1,..., 4 respectively. Using the

probability approach /1/, we obtained that when te(t, 7] the set HX.""“) becomes the set

H:;:v(g; = {z| V (2, a) < ¢/n ()}. The inequality

d
(VIER)VzE8 (FY( D) (to) = o) 77— (¥ (=, ) (1)) <O
is then satisfied.

Optimization of the measure of the set Hy&f} was carried out for particular numerical

values of the hydrodynamic coefficients of (3.2). The following results were obtained.
When the function V(z, aq) was selected in the form

4
Viz,a6)= 2 az? (3.3)
i
and values of ¢; were taken from the intervals o, &[0,1,6],8,=1,a,=[0,1,1],5,&[1,3] and ¢, =0, 12,

the optimum function =n() obtained on a computer with an accuracy 0.999, is given in Fig.4.
Compared with the choice of the Lyapunov-type function of the form

‘.
Viz,a)= 2' z3 (3.4)
fumi

and its corresponding function w,(:) (Fig.4) the change of measure of the set Hc",gf(-;,’ appears

in Fig.5, where the dependence of the ratio i= mesRJ{:'}m,)/mesR.H,‘:',,h(,) on t is shown.

2.5
A
1.0
i i i 1.5
"N
—L:] \
0.5
0 y ) 12 t, sec 05 —
“0 4 ] 12 t, sec
Fig.4 Fig.5

The curve in Fig.3 shows that the measure of set H), ., for function (3.3) has diminished
approximately threefold in comparison with (3.4).

We can similarly derive the function 1 (1) satisfying the conditions of the theorems
formulated above and the condition

(Ve)(VieF)(YseHENEY) Td,-(V (z. ) () <O

Note that the determination of the stability region of the surface y and B when solving
various applied problems provides the opportunity to analyse the evolution of sets, i.e. to
consider the following problems: 1) to evaluate for a given set G, the set G,, where the
integral curves orignate that do not appear from G, in a finite time T; for a given set G,
find the set G, in which the integral curves, that begin in G, remain and 3) to obtain analy-
tical estimates of the attraction regions.

The solution of the second problem appears in the second example.
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